MULTILINEAR CALDERON-ZYGMUND OPERATORS ON 

HARDY SPACES 



LOUKAS GRAFAKOS AND NIGEL KALTON 

Abstract. It is shown that multilinear Calderon-Zygmund operators are bounded 
on products of Hardy spaces. 



I. Introduction 

The study of multilinear singular integral operators has recently received increasing 
attention. In analogy to the linear theory, the class of multilinear singular integrals 
with standard Calderon-Zygmund kernels provide the foundation and starting point 
of investigation of the theory. The class of multilinear Calderon-Zygmund operators 
was introduced and first investigated by Coifman and Meyer ||, 0, |§, and was 
later systematically studied by Grafakos and Torres [0J . 

In this article we take up the issue of boundedness of multilinear Calderon-Zygmund 
operators on products of Hardy spaces. As in the linear theory, a certain amount of 
extra smoothness is required for these operators to have such boundedness properties. 
We will assume that K(yo,yi, ■ ■ ■ ,y m ) is a function defined away from the diagonal 
Vo — Hi = • • • = Vm in (R n ) m+1 which satisfies the following estimates 

(!) K° ■ ■ ■ d v,: K (yo, Vi, — , Vm) | < — — -, for all \a\ < N, 

( E \Vk- Vl\) 

k,l=0 

where a = (ckq, . . . , ot m ) is an ordered set of n-tuples of nonnegative integers, \a\ = 
\a \ + • • ■ + \a m \, where \aj\ is the order of each multiindex atj, and N is a large 
integer to be determined later. We will call such functions K multilinear standard 
kernels. We assume throughout that T is a weakly continuous m-linear operator 
defined on products of test functions such that for some multilinear standard kernel 
K, the integral representation below is valid 

(2) T(f t , . . . , f m )(x) = / ••• / K(x,y 1 ,...,y m )Y[f j (y j )dyi,...dy m , 

whenever fj are smooth functions with compact support and x ^ n^supp/j. In 
the case m = 1 conditions (|T|) are called standard estimates and operators given 
by (0) are called Calderon-Zygmund if they are bounded from L 2 (R n ) to L 2 (R n ). 
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We will adopt the same terminology in the multilinear case and call T a multilinear 
Calderon-Zygmund operator if it is associated to a multilinear standard kernel as in 
(fj) and has a bounded extension from a product of some L qj spaces into another L q 
space with l/q = 1/qi + ■ — h l/q m . If this is the case, it was shown in |jj that these 
operators map any other product of Lebesgue spaces YYJLi L P] (R n ) with pj > 1 into 
the corresponding L p space. 

When m — 1, bounded extensions for Calderon-Zygmund operators on the Hardy 
spaces H p were obtained by Fefferman and Stein ||. Here H p = H p (R n ) denotes 
the real Hardy space in |J defined for < p < 1. In this note we provide analogous 
bounded extensions for multilinear Calderon-Zygmund on products of Hardy spaces. 
The following theorem is our main result: 

Theorem 1.1. Let 1 < q\, . . . , q m , q < oo be fixed indices satisfying 

111 

3 _ + ... + _ = _ 

qi q m q 

and let < p±, . . . ,p m ,p < 1 be real numbers satisfying 

111 

4 - + ■•• + — = -. 

Pi Pm P 

Suppose that K satisfies (fjj with N = [n(l/p— 1)]. Let T be related to K as in (^) and 
assume that T admits an extension that maps L 9l (R n ) x • • • x L 9m (R n ) into L 9 (R n ) 
with norm B. Then T extends to a bounded operator from if Pl (R n ) x ■ ■ ■ x if Pm (R ra ) 
into L p (R n ) which satisfies the norm estimate 

<C{B+ A a), 
\a\<N+l 

for some constant C = C(n,pj,qj). 



2. The proof of Theorem |i~l~l 
Proof. We prove the theorem using the atomic decomposition of H p . See Coifman 



and Latter jLl]]. Since finite sums of atoms are dense in H p we will work with such 
sums and we will obtain estimates independent of the number of terms in each sum. 
The general case will follow by a simple density argument. Write each fj, 1 < j < m 
as a finite sum of iY Pj -atoms fj = \j } k a j,fa where are if Pj -atoms. This means 
that the a^'s are functions supported in cubes Qj^ and satisfy the properties 



(5) 
(6) 



\ a j,k\ ^ \Qjy 



I'J 



x 'a 



Qj,k 



'x) dx = 0, 



for all |7| < [n(l/pj — 1)]. By the theory of H p spaces, see [|T^| page 112, we can take 
the atoms aj^ to have vanishing moments up to any large fixed specified integer. In 
this article we will assume that all the ci^'s satisfy for all I7I < [n{l/p— 1)]. For 
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a cube Q, let Q* denote the cube with the same center and 2y/n its side length, i.e. 
l(Q*) = 2^/nl(Q). Using multilinearity we write 

(7) T(/i, „)U) H A ^ • • • A «^( ){x). 

We now fix fci, . . . , k m and x G R n and we consider the following cases: 
Casel: x G Q* lkl D • • • n Q*„ hkm 

Case 2: x lies in the complement of at least one of the cubes Qj >kj - 

Let us begin with case 2. We fix 1 < r < m and without loss of generality 
(by permuting the indices) we assume that x G Q*+i,k r+1 H • • • fl Q* m ^ m and that 
x £ Q\ kl U • • • U Q* k . Assume without loss of generality that the side length of the 
cube (5i,fe! is the smallest among the side lengths of the cubes • • • ,Qr,k r - Let 

Cj tkj be the center of the cube Qj,kj- Since ai jkl has zero vanishing moments up to 
order N = [n(l/pi — 1)], we can subtract the Taylor polynomial (x, • ,y 2 , . . . , y m ) 
of the function K(x, ■ , y 2 , ■ ■ ■ , y m ) at the point to obtain 

T(a 1;kl , . . . ,a m , km )(x) 



/ IT a hk 3 (Vj) / ai,fci (j/i) S/i, • • • , Vm) - P£. (x, yi, y 2 , . . . , y m )] 

/ f[ a 3*j(yj) [ a i,fci(yi) ^ {dy 1 K){x,^y 2 ,...,y m ) — °]' kl ^ dy, 

J(Rn)m-l JR« , ,_. ri1 



t K ) j=2 Jil |7|=JV+1 ' 

for some £ on the line segment joining y\ to C\^ x by Taylor's theorem. We have 
\x - £| > |x - ci jfcl | - |£ - ci jfcl | > \x - c 1M \ - \y/nl(Q 1M ) > \\x - ci jfel |, since 
x Ql k = 2y/nQi tkl . Similarly we obtain \x — yj\ > \\x — Cj tkj \ for j G {2,3,..., r}. 
Set 

(8) A= J2 A 7 

M<JV+i 

and note that A > X1| 7 |=jv+i ^7- The estimates for the kernel K and the size esti- 
mates for the atoms give the following pointwise bound for the expression above: 



/-/ ( £ \>(/ 

/ Rn jg^ V |7|=AT+] / \JQlM 



m— r times 



|Q 2 ,fc 2 | 1 "^...|gr,A ; J 1 -^|gr + l,A ;r+1 | ^ ■ ■ ■ | Q m ,fc m |" ^ %n • • • jgr+1 
A I li ill lil li il ,\nm+JV+l" 

(2F - c i,fcil H 1- 2F _c r,fcrl + \x-y r +i\ H I- \x-y m \) 

Integrating the above over y m G R n , . . . , y r +i G R n we obtain that the expression 
above is bounded by a constant multiple of 

A\Q 2 ,k 2 \ l ~™ ■ ■ ■ IQ^krl 1 '^ / |ai,fci(j/i)| \yi ~ Ci.feJ^Vyi 

/1 1 I 1 1 i\ nm+AT+1— n(m— r) 1 . — 1 — . « J_ 

(2F - Cl.fell + • • • + 2 \ X ~ C r,k r \) |<5r+l,fc r+i r''+ 1 • • • \Q m ,kJ Pm 
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But the integral above is easily seen to be controlled by a constant multiple of 



\Qi,ki 



l— i- 



1 i JV+l 



. Since the cube Qi >kl was picked to have the smallest size among 



the Qi, kl , ■ ■ ■ ■> Qr,k r , the expression above is bounded by a constant multiple of 

\Qj,hj 



i {\x-cj ikj \ + l(Qj, kj )) n ~ 



-\Qr+l,k r+1 \ Pr+1 ...\Q 



m,fc„ 



<cah 



\Qj,h 



,1-— 



1 , JV+l 



j=l [\x- c jtk . 



+ KQj,k 3 )) 



JV + l 5 



since x e . Q* r+l , kr+1 n • • • n Q* m>km . 

Summing over all possible 1 < r < m and all possible combinations of subsets of 
{1, . . . , m} of size r we obtain the pointwise estimate 



(9) \T(a 1M ,...,a mtkm )(x)\<CAjl 



\Q. 



1 , JV+l 



h k 3 



j= i {\x- c^ k \+l(Q j)kj )) n+ 



V+l 



for all x which belong to the complement of at least one Qj )kj (case 2). 
Now using (|7|) and @ we obtain 

\T(f 1 ,...J m )(x)\<G 1 (x)+G 2 (x), 

where G%(x) and G 2 (x) correspond to cases 1 and 2 respectively and are given by 

Gi(x) = XI" l Al - fc il • • • l<WJI T ( a l.*i>-- • i a ™^)(x)\XQl ki n-nQ* mkm (x) 



m 



G 2 (x) = CAH HT|A jV 

3=1 V fci 



\Qi,k<\ p > nr 



{\x-Cj, kj \ +l(Qj, kj )) 



n+ 



JV+l 



Applying Holder's inequality with exponents p±, . . . ,p m and p we obtain the esti- 
mate 



\g 2 \\ lp <caH Y,\\ jlh 



\Qj,k 



1 i JV+l 



(10) 



3=1 



*i (\x-c jtkj \ + l(Q jtkj )) n+ 



Y+l 



^ ca n ( e ^ i pj ) pj ^ c ^ n \\hu^ 

3=1 fcj 3=1 



where we used the pj-subadditivity of the L Vl quasi-norm and the easy fact that the 
functions 



l__L + jX+i 



{\x-c jtkj \ +l(Q j ,k j )Y 
have L Vi norms bounded by constants. 



JV+l 
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We now turn our attention to case 1. Here we will show that 

771 

(11) \\Gi\\lp <C(A + B) nil/ill^- 

3=1 

To prove QTTJ) we will need the following lemma whose proof we postpone until the 
next section. 

Lemma 2.1. Let < p < 1. Then there is a constant C(p) such that for all finite 
collections of cubes {Qk}k=i ^ n an d a ^ nonnegative integrable functions gk with 
supp gk C Qk we have 

k k i ! i 

g k (x) dx]xQt 



k=l k=l M^^l 



Qk 



LP 



We momentarily assume Lemma [2.1| and we prove (|Tl|). Using the assumption that 
T maps L qi x • • • x L qm , it was proved in |l| that T maps all possible combinations 
of products 

L~ x ■ ■ ■ x L~ x L 2 x x ■ ■ • x 

into L 2 with norm at most a multiple of A + B. denotes here the space of all L°° 
functions with compact support. 

Now fix atoms ai^, . . . , a m ,fc m supported in cubes Qi^i, ■ ■ ■ , Qm,k m respectively. 
Assume that Q\ k fl • • • fl Q* m km ^ 0, otherwise there is nothing to prove. Since 
Q* ki H • • • H Qm,k m we can P^k a cube Rk!,...,k m such that 

(12) q* m n • ■ ■ n Q^ m c ^ 1 ,..., fcm c ^ li ..., fcm c n ■ ■ • n Q** >km 

and \Rk u ...,k m \ > c\Qi M \- 

Without loss of generality assume that Qifa has the smallest size among all these 
cubes. Since T maps L 2 x L°° x • • • x L°° into L 2 we obtain that 

\T(a 1M , ■ ■ .,a m>km )(x)\dx 

Rh lt ...,k m 



(13) < / \T(a 1M ,...,a mjk J(x)\ 2 dx) \R 



t fcl,...,fcn 



R™ 

m 

<c(A + J B)|g*; fel |i|g 1)fel |^ni^v 

i=2 



i i_ L 

since Hai^JI^ < IQi.fcJ 2 Pl and 1 1 cti,fej- 1 1 < IQj.fcJ Pj • It follows from (|T3|) that 



m 

j_ 



\T(a 1M , ■ ■ .,a m;km )(x)\dx < C{A + B)\Q 1M \ JJ \Q jik 

Rk 1 ,...,k m j = \ 

which combined with \R kl> ... )km \ > c|<3i,fcil gives 

If m 
(14) jp 1 / \T(a 1M ,...,a m>km )(x)\dx<C(A + B)l[\Q j>kj \ 

\ n ki,-,k m \ JR kl km j=1 
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We now have the easy estimate 

Ci(x) < ■ ■ 'E ■ ■ • |A m ,fe m ||r(ai ifcl , . . . ,a m ,k m ){x)\XR kl ,..., km {x), 

and using Lemma |2J], estimate (0), and the last inclusion in (|T2| ) we obtain 



G 1 \\ LP <C{A + B) 



<C(A + B) 



E-Ei*. 

771 y 

n e a m,!!% 



j_ 

• • • I Am,/c m I JJ \Qi,hj I Pj ' • • • XqZj 

3=1 



LP 



<c(a + 5) n ii ( e i A i-^ i kw - " ) iu < + 5) n ii/: 



This proves (|TT| ) which combined with (|1(]) completes the proof of the theorem. □ 



3. The proof of Lemma 2.1 



It remains to prove Lemma |2.1| . This lemma will be a consequence of the lemma 
below. Let T> be the collection of all dyadic cubes on R n and T>j be the set of all 
cubes in T> with side length l(Q) = 1~K 

Lemma 3.1. Suppose < p < 1. Then there is a constant C{p) such that for all 
finite subsets J of V and all collections {/q : Q G J} of non-negative integrable 
functions on R n with supp fcjCQwe have 



E. 



I LP 



< 



C(p) || a QX®\ 



LP' 



a Q = \Q\ 1 fc}{x)dx 



where 



Proof. Let us set J m = J fl V m for all m G Z. Given Q G J , we define s(Q) to be 
the unique m such that Q G jZm. We also set 

m 

F = E -fa' G = E a « x< 3' Gm = E E a( ? x< 3- 

We now observe that if Q G and m < s(Q), then G m is constant on Q. Therefore 
for j G Z the sets below are well-defined 

Hj = {QeJ: G s(Q) < I 3 on Q}, 

K'j = {Q e J ■ G S{Q) > 2> on Q and G s(Qyi < V on Q}. 
For Q G 7^ and any t E Q,we let 

2 J - G s (Q)-i(t) 



Ac 



Gs(Q)(t) - G 



s(Q)-l 
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Note that Aq is a constant since both functions G s (q) and G s (q)_i are constant on Q. 
We claim that for all x 6 R n we have the identity 

(15) Y a QXQ( x )+ Y X Q a QXQ( x ) = min (2 J ,G(x)). 

Q&lj Q&V. 

To prove (|l5l) observe that if G(x) < 2 J , then IZ'j = and the conclusion easily 
follows. Otherwise, there is a smallest m = m(a;) such that 

m 

21 < Y Yl a Q^ x )- 

k=—co Q£Jt 

Then all the cubes that contain x from the collection Uk< m -iJk belong to TZj and 
the cube that contains x from J m belongs to IZ'j. It follows that 

Y a Q^Q( x ) + Y X Q a Q^Q( x ) 
—G m -i{x) + Y ( 2j " G m ^{x)) XQ (x) = V, 



since the last sum has only one term. This proves (ttoj). Next we set 

F j = Y fa + X Q$Q- 

Then using ( [15|) we obtain 

/ Fj{x)dx = / I a Q x Q (x)+ Y X Q a QXQ( x ))dx 
^g^ <yerc 3 Qe^ 

= / min (2 J ,C7(x)) tfe. 

JR" 

Now Fj — Fj-i is supported on {G > 2 J ~ 1 }. Holder's inequality and fllED give 
/ (^-(z) - F j _ 1 (a;)) p dx < |{G > 2 j - l }\ l - p ( [ min (2 J ',C7(a;)) dxY 

< 2^ P \{G > 2 J '~ 1 }|. 
Summing the above over all j and using the fact that 

F(x) = Y(FA x )-F 3 -i(x)) 

we obtain the required estimate 

/ (F(x)) p dx < Y 2JP \i G > 2J " 1 }I < C (pY [ (G(x)Ydx, 

where the last inequality follows by summation by parts. □ 
Having established Lemma \S.1[ we now proceed to the proof of Lemma |2.1| . 
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Proof. Given the cubes {Qk\k=i we can find a finite collection of dyadic cubes 
{Qkj}f=i with 

KQk) < KQkj) < 2l{Q k ) 

and 

(17) Qkc{jQ kj cQl, 



where m k < 2 n . We apply Lemma |Q| to the functions {gkXQkj}i<k<K ■ (We c °Uapse 



terms when the same dyadic cube is used twice). We obtain 

K K mk K nifc 

(is) IIX^IL- IEX^x^IL - ^IIEE 6 ^ 



kj 1 1 LP ' 



fe=l 



fc=l i=l 



fc=l i=l 



where 6^- = 1 / g k (x) dx < \Qk\ 1 / g k {x)dx. Inserting this estimate in 

J Qkj J Qk 

(P~8|) gives 



A" A" , . \ m k 

5>L<C(p) [\Qk\- 1 g k (x)dx\J2 

k=l k=l \ ' 7=1 



LP 



and the required conclusion follows from the last inclusion in fllTD- 

4. Related results and comments 



□ 



We note that Theorem can be extended to the case when some p/s are bigger 
than 1 and the remaining p/s are less than or equal to 1. We have the following: 

Theorem 4.1. Let 1 < q\, . . . , q m , q < oo be fixed indices satisfying (Qj and let 
< pi, . . . ,p m ,P < oo be any real numbers satisfying ^). Suppose that K satisfies 
(|7[) for all | a \ < N where N is sufficiently large. Let T be related to K as in ^ and 
assume that T admits an extension that maps L 9l (R n ) x • ■ ■ x L 9m (R n ) into L 9 (R n ) 
with norm B. Then T extends to a bounded operator from H Pl (R n ) x ■ • • x H Pm (R n ) 
into L p (R n ) (we set H Pj = L Pi when pj > 1), which satisfies the norm estimate 
\\T\\h^ x -xffP">^LP < C(A + B) for some constant C = C(n,pj,qj). (A is as in ^).) 

Proof. We discuss the multilinear interpolation needed to prove this theorem for all 
indices < pj < oo. Theorem |4.1| is valid when all the p^s satisfy 1 < pj < oo as 
proved in . In Theorem [O] we considered the case when all < pj < 1 . 

We now fix indices < pj < oo so that some of them are bigger than 1 and some 
of them are less than or equal to 1. We pick e > and A > so that 

< e < min (-,—,..., —), A > (min (— , . . . , — ) - e)~ . 

Vm' pi' ' p m / > V V pi ' pm ' I 

Using that T is bounded from L qi x • • • x L Qm into L q with norm at most B, it follows 
from HT| that 



(19) 



T: L l/£ 



x 



rl/e ^ jl/me 
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with norm at most a constant multiple of A + B. Now define Sj be setting 
(20) ± = \(±-e) + ±. 



Then it is easy to see that < Sj < 1 for all 1 < j < m and by Theorem we have 
(21) T : H Sl x • • • x H Sm -> L s , 

with norm at most a constant multiple of A + B, where 1/s — 1/si + ■ ■ ■ + l/s m . 
Here we need (P with JV = [n(l/s - 1)]. Identity © gives 

j_ _ e_ , j^e 

where 6* = (A + l) -1 . Interpolating between (plj) and (pi]) we obtain that 

T : [L 1/e , # Sl ] e x • • • x H Sm } 9 -> [L 1/m£ , L s ] = L p , 

where 1/p = H h l/.Pm- But H s '] e = IP' if > 1 or H p > if < 1 and 

the required conclusion follows (see e.g. [l(J). □ 

We note that mapping into the Hardy space H p instead of LP is hopeless even in 
the translation invariant case unless some further cancellation is imposed. We refer 
to and IJ for results of this sort. Both references deal with bilinear operators but 
the techniques can be adapted to give similar results for m-linear operators as well. 

We now discuss some analogous results for the maximal singular integral operator 
defined by 

T*(fl, ■ ■ ■ , fm)(x) = SUp |Ta(/i, . . . , f m )(x)\, 
8>0 

where T$ are the smooth truncations of T given by 



Ts(fi, fm)(x) = / K s (x, y h ... , y m )fi(yi) . . . f m (y m ) dy x ... dy m . 

Here K s {x,y 1 , ...,y m )= rj(^\x-yi\ 2 H h \x-y m \ 2 /5)K(x,y 1 , ...,y m ) and r] is a 

smooth function on R n which vanishes in a neighborhood of the origin and is equal 
to 1 outside a larger neighborhood of the origin. 

It is proved in that the sublinear operator T* satisfies similar boundedness 
estimates as T. We have the following result regarding T*. 



Theorem 4.2. Under the same hypotheses are Theorem maps the product 

H Pl (R n ) x ■ ■ ■ x H Pm (R n ) boundedly into L p (R n ) , and satisfies the norm estimate 
1 1^*| I if^i x-xHv™->lp < C(A + B) for some constant C = C(n,Pj,qj). As usually, we 
set H p j = LP? when pj > 1 . 

Proof. The proof is similar to that for T. First we consider the case where all the 
p/s are less than or equal to one. It follows from that T* is bounded on the same 
range as T with bound at most a multiple of A + B. Thus the estimates in case 1 
follow as before. Next observe that the kernels K$ satisfy (|XJ) uniformly in 5 > 0. 
Hence the estimates in case 2 for K equally apply to Kg uniformly in 5 > and the 
same conclusion follows. 

The remainder of the argument is then similar. One treats the multilinear maps 



T Sl ,... )SN (fi,---,fm)(x) = {T Sk (fx, . . . , f m )(x)} 



N 

fe=l) 
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as maps T Slt ... ! s N : H S1 x • • • x H Sm — > L s (^), for any finite set Si, . . . ,5 N > and 
uses complex interpolation as before. □ 

The first author would like to thank Xuan Thinh Duong for his hospitality in 
Sydney where part of this work was conceived. 
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